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» Good Luck!!!
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1. Tasha and Tony have both gotten in line at the Gaucho Boutigue, and are waiting to be served. Let Y;
denote the amount of time (in minutes) Tasha waits in line, and let Y5 denote the amount of time (in
minutes) Tony waits in line. It is found that the joint density of (Y7, Y2) is given by

viyva(y,y2) = e Liocy, <y <oo)

(3) (4 points) Find fy,(y2), the marginal density of Y5, and use this to identify the distribution of Y3
by name. Be sure to also include any/all relevant parameter(s)!

Solution: We must first find fy,(y2), the marginal density of Y5. To do so, we integrate the
jointwrt. yy:

fva(y2) = JR fvi,yva (W1, y2) dyt

= jIR e vt ]l{ylzw} ’ ]l{y220} dy

(o]

=Lyy,>o0p- | e dyr=e% 1,50
Y2

which allows us to conclude Y3 ~ Exp(1) .

(b) (6 points) Given that Tasha ends up waiting for exactly 3 minutes, what is the probability that
Tony ends up waiting for more than 2 minutes? You may use, without proof, the fact that Y7 ~
Gamma(2,1).

Solution: The quantity we seek is P(Y2 > 2 | Y7 = 3). Since the event we are conditioning
on has zero probability, we cannot use the definition of conditional probability but instead
must integrate the conditional density. Hence, we should first find fy; |y, (y2 | 1), which we
can do by appealing to the definition of conditional densities:

Frava (y2 [ 91) = fvi(y1)

We're told that Y; ~ Gamma(2, 1) meaning

1 _ _ _
le(yl) — W . y% L, e y1/1 . ]l{ylzo} = y1€ y1 ]l{ylzo}

and so

Srawi (w2 [ 91) == Jyz (y2)

T A ocycny  Lgrsop | 1
- = 7 H{o<y2<y1}

y1e - Lyesoy (7

Hence, plugging in y» = 3 we have

1
Py (2 13) = 5+ Lo<y <a)
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and so

oo
P(Ya>2|Y1=3)= L faivi (2 | 3) duy

_Jml
, 3

Lo =

To<y <3y dy1 =

3
1
| dyi = =
L 3
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2. A particular pesticide is composed of two compounds, called Compound A and Compound B. Suppose
that the proportions Y7 and Y5 of compounds A and B, respectively, in a particular random sample of
pesticide is given by

2 Tjo<yi<1, 0<y2<1, 0<y1+12<1}
(@) (1 point) One can show (and you do not need to prove this) that

1
Tyviys (1 | y2) = Ty Lio<yi <140}

Crucially, though, this density is missing a specification of what values of ys it is defined over. For
what values of y, is the conditional density defined? Justify your answer.

Solution: We know that fy, |y, (y1 | y2) is defined only over values of y for which fy, (y2) #
0. Uponinspection, we see that the support of Y5 [i.e. the only - values over which the density
is nonzero] is Sy, = [0, 1] meaning the density above is defined only when y» € [0, 1] .

(b) (2 points) Given that a sample of pesticide contains 70% Compound B, what is the expected per-
centage of Compound A contained in the sample? (You may still use the conditional density pro-
vided in the statement of part (a) without proof.)

Solution: We are asked to compute E[Y; | Y2 = 0.7] which can be computed using the defi-
nition of conditional expectation:

EY:|Y>=0.7 = J}R Y1 fyvi|ve (y1 1 0.7) dyg

1
J}Ryl 1—07 {0<y;<1-0.7} Y1

0.3
1 1 0.3
= . dy; = — - =(0.3)> = == = 0.15 = 15%
L S =03 5(03) 2 %

Alternatively, we could have found a more general expression for E[Y] | Y2 = 2] and then
pluggedin y» = 0.7; this will also give you the correct answer.
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(c) (4 points) Use the Law of Iterated Expectations to compute [E[Y]]. You may use (without proof)
the fact that E[Y>] = 1/3, along with the conditional density provided in part (a). Please note that
if you simply double-integrate the joint density, you will not receive full points.

Solution: The Law of Iterated Expectations tells us
E[Y1] = E[E[Y: | Y2]]

To compute E[Y; | Y2], we utilize our two-step procedure: first find E[Y; | Y2 = 2], and
then plug in Y3 in place of ys. To find E[Y; | Y2 = 2], we compute

E[Y: | Yo = yo := JR Y1fvive (W1 | y2) dya

1
= JIR Y1 - 1_7y2 : ﬂ{ogylgl—yg} dy1

1 1-y2 1 1— s
= . dy; = = - (1 = o) =
[ L ydyr =5 T (1—1y9) 5
This implies
1-Y5
E[Y: | Vo] = ——
and so, by the Law of Iterated Expectations,
1-Y, 1 1 1 11 1
EY:| =E[EY; | Y| =E — . _ . E[y==—-=.Z — =
i) = BlEp vl =& L2 = - L Epl = -5 g = g

3. Arandom variable Y is said to follow the Pareto Distribution, notated Y ~ Pareto(f, «v) for parame-
ters® > 0and o > 0, if Y has density given by
af®

fr(y) = Jotl Liy>oy

Let Y ~ Pareto(d, ).

(@) (3 points) Define U; := cY for a positive constant c. Derive the density fi, (u) of U; using the
Change of Variable Formula (aka the method of transformations). Be sure to include the support
of U7 as well.

Solution: Our transformation is g(y) = cy, meaning our inverse transformation is g~ ! (u) =

u/c. Hence,
d
qu Lo

where we have dropped the absolute values in the last step since cis assumed to be positive.
Therefore, plugging into the Change of Variable formula:

d

1
=~ -1
37 (u)

C

1

Cc

d

fulw) = fylg™ @] - | 507 (W)
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af® 1
= (u/c)otl “Liuse)=6y -

af® AT
T gett’ ¢ Lu>coy
a(ch)”

et Lz

The simplification wasn’t strictly necessary for this part; | mainly simplified in order to make
the answer to part (b) more obvious.
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(b) (1 point) Does U; (as defined in part (a) above) follow the Pareto distribution? If so, identify the
parameters.

Solution: Since we derived the density of U in part (a), we simply need to see if it of the form
of a Pareto density function (which is provided in the problem statement). Matching terms,
we can see that U; does follow a Pareto distribution; specifically, U; ~ Pareto(cf, «) .

(c) (4 points) Define Us := /Y. Derive the density fu,(u) of Uz using any of the methods discussed
in lecture

Solution: We can use either the CDF method or the Change of Variable formula; for this par-
ticular problem, the Change of variable formula will be a bit more direct (since we would need
to derive an expression for the CDF of the Pareto distribution in order to use the CDF method).
Hence, set g(y) = ,/y so that g~ *(u) = u?, and

—g " (u)

— 2ul =2
Tu |2u| U

o )

where we have dropped the absolute values in the last step since Us admits only positive
values in its support. Therefore, plugging into the Change of Variable formula:

_ d _
folw) = fylg™ @]+ 597 (W)
af®
= 2yt Leeyzey - 2u
af®
T 2tz 2u - Liy2>0y
200%

u2a+1 " H{u>V0}

By the way, though this wasn't required for this problem, we can see that U ~ Pareto(\/é, 2a).
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You may use the remainder of this page for scratch work; please note that nothing written on this page
will be graded.
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