DISCUSSION WORKSHEET 06

PSTAT 120B: Mathematical Statistics, |
Summer Session A, 2024 with Instructor: Ethan P. Marzban

Conceptual Review

(@) What is a likelihood? What about a log-likelihood?

(b) How do we obtain a maximum likelihood estimator for a parameter? What
do we do if the likelihood is nondifferentiable in the parameter of interest?

(c) What is a sufficient statistic? How can the Factorization theorem help us
find a statistic that is sufficient for a given parameter?

Problem 1
LetYy,---,Y, Hd N (i, %), where both 1 € R and 02 > 0 are unknown param-
eters.

(3) Derive an expression for Ly (1, 02), the likelihood of the sample Y. Recall
that, since our sample is assumed to be i.i.d.,

EY'(.U’ 02) = H in (yi; s 02)
=1

Solution:

=1
T 1 1 e
_11;[1{ 2m0? exp{ e H
1\"? 2\—n/2 1< 2
~ \or (c7) exp —QZ( G — M)
=1

(b) Derive an expression for £y (y, a2), the log-likelihood of the sample Y. Also
compute
9 2 9 2
87/’7(’“’ o) and @ffz(#, o)

Solution: Taking the natural logarithm of our answer to part (a), we find

2\ 2 N n 2 1 . 2
£p(1,0%) =W Ly (1,0)? = =Zn(2m) = Zn(o?) = 35 > (¥~ p)
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We now take the required partial derivatives:

) 1 «

=1
0 o omo 1 IR 5
WEY(M’U ) = 5 2 + 2(07)? Z(Yz — K

=1

One thing to note: we take derivatives with respect to o2, not o. This is because we're really
thinking of o2 as a parameter in itself (i.e. the population variance) - so, whenever we take the
derivative with respect to o2, we treat o2 as the whole variable, not o.

(c) In the two derivatives you found in part (b), replace all instances of u with
IimLe, all instances of o2 with o2pme. Set the resulting expressions equal to
zero and solve for fipm e and o2y k.

Solution: The system of equations we wish to solve is:

n

1

- Z(Yz — fimee) =0
U2MLE i=1
1 1 -

=t —= Z(Y; — ﬁMLE)Q =0

U2MLE 2(U2MLE)2 i=1

|3

—

Let’s Focus on the first equation. Multiplying both sides by o2y g, we find:
n 1 n
Zm_n'ﬁMLE:O = ﬂMLEZ*ZYi:!Yn
° n -
=1 =1
Substituting this into the second equation and simplifying, we find

1 " — —~ 1 < _
=) (Yi-Vu)’=n = odme=-> (Yi—Yn)’
(0?mLe) =1 =1

(d) The equivaria[\\ce property of maximum likelihood estimators is as follows:
given the MLE Oy g for a parameter ¢, the MLE of 7(0) [where TA(-) isan appropriately-
behaved function] is 7(fm.e). For example, the MLE of 62 is (e )?.

Use the equivariance property and your answer to part (c) to derive an ex-
pression for the maximum likelihood estimator of o, the population standard
deviation.
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Solution: Since o = Vo2,

. = . 1 —
OMLE = (U2MLE) = ﬁ Z(Yz -

<
3

~—

(V]
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Problem 2

Something’s gone awry with GauchoPop's newest bottling machine! Specifically,
the new soda dispenser doesn't fill each bottle entirely - rather, the proportion
Y; of a randomly-selected bottle that is full of soda follows the distribution with
density

Fy;0) =047~ Dyoeyeny

where § > 0 is an unknown parameter. Let Y7, - - - , Y,, denote the proportion of
fill contained in n randomly-selected GauchoPop bottles.

(a) Find §MLE, the maximum likelihood estimator for 6.

Solution:
n n -1 n
5}7(9) = H f(Y30)] = H [eyie_l ’ ]l{ogYigl}} =" (H Y;) . H Tro<yi<1y
i=1 i=1 i=1 i=1

0g(0) =log Ly(0) =nln(0) + (0 —1) Y In(Y;) + > InLjoey,<1y
=1 =1

Therefore, §MLE must satisfy

-1

n - ~ n 1 — 1
+Z n(Y:) = Omce ST n(Y) [n; n<YZ>

9MLE i=1 =1

(b) Company regulations requires that any bottles with fewer than 0.8 fill be la- Hint: Use the equivariance
beled as “not fit forsale.” Let 7 denote the true proportion of bottles that end property
up labeled as “not fit for sale” - find Ty, the maximum likelihood estimator
for 7.

Solution: Note that

1
7:=P(Y; <0.8) = J 0y’~1 dy = (0.8)"
0.8

By the equivariance property of the maximum likelihood estimator,

e = (0.8)7 g 4\ ()
Tmie = (0.8)% ¢ = (0.8)(Ome) — (5> T (n)

Problem 3

LetYy, ---,Y, g Unif[é, 1] where 6 < 1 is an unknown parameter.
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(a) Find §MM, the method of moments estimator for 6.

Solution:

(b) Show that the likelihood of the sample Yis given by
1 n
Ly(0) = (1 - 9> o<y Ly <y

where Yo denotes the first order statistic (sample minimum) and Yin) de-
notes the nt" order statistic (sample maximum). Justify your logic.

Solution: We begin by finding the likelihood of the sample Y:

n

Ly0) =10 =] [1i9 ' ]1{031@31}]
=1

=1
1 n n n
=(1=75) e IT1vey
i=1 i=1

Let’s focus on simplifying the two products of indicators. Both products are nonzero only when
each of the constituentindicators is nonzero. Hence, the first product of indicators is only nonzero
when all of the Y;'s are greater than 8, which occurs when Y(l) > 6. Similarly, the second product
of indicators is nonzero only when all of the Yj's are less than 1, which occurs when Y(n) < 1.
Hence,

1 n
Ly(6) = (1 = 9> o<y} - Ly <1y

(c) Find @MLE, the maximum likelihood estimator for 6.

Solution: By definition, R
Omm = arg max { Ly (0) }
0

Note that Ly (0) is nondifferentiable in - hence, we cannot simply take the derivative wrt. ¢ and
set equal to zero. Instead, we must maximize Ly (¢) analytically.

n
First note that, for 6 < 1, the function ﬁ isanincreasing functionin 6; hence, it is maximized
by setting 6 to be as large as possible. The indicator ]l{ggy(l)} essentially restricts 6 to be no larger
than Y{y). Hence, putting these two facts together, we see that the likelihood is maximized at Y/ y);
i.e.

Ouie = Yo

(d) Findthe exactsamplingdistribution ofé\MLE, and use this to determine whether
or not Ou.e is an unbiased estimator for 6.
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Solution: By our formula for the density of the first order statistic,
— n—1
froy ) =n [Py )] - fr(y)

Since V; "<& Unif[6, 1], we have

1 ify <6
Fyly)=q 1§ fo<y<l

0 ify >1

Therefore:
n—1
o =n[FyW)]" - fr®)
Lo\ (1 —y)!
=n (1_0> T Mesy<iy = N Ho<y<ny

Hence,

n 1 1
= | Z(1-6"= ——(1-06)"
(1—-0) [n( ) n—l—l( )
., .n (1_9)_n+1—n+n0_n9+1
- n-+1 - n+1  on+1

As this does not equal 6 for any finite sample size n, we can conclude that 5MLE isa biased esti-
mator for 6.

(e) ShowthatU := Y(l), the First order statistic, is a sufficient sufficient statistic
for 6.

Solution: Going back to our likelihood from part (b), we can rearrange terms to see

1 n
Ly(0) = Kl _9> ']1{9<Y<1>}] X []l{m)gl}}
—

=9(Y1),0) =h(Y)

Since the likelihood factors into the product of two functions, one involving only ¢ and Y/, and

another involving only }7', we can use the factorization theorem to conclude that U := Yyisa
sufficient statistic for 6.
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